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Abstract 

 

Plant leaves provide a convenient model system to study growth in living organisms and to 

investigate controlled growth for achieving a design objective. In this work, we describe 

geometric and kinematic aspects of estimating the growth-rate in a leaf. We use an image-

processing technique in conjunction with time-lapse imaging of a spotted leaf and solving an 

inverse problem in growth. Geometry and kinematics are inherent in this problem. 

We describe a leaf-growth experimental setup in which the leaves under 

consideration are first marked with dots and the evolution of their form is tracked by 

photographing the leaves. We then subject these images to image-processing operations 

namely image-perspective alignment followed by suitable scaling. The locations of markers in 

these images are then extracted with an accuracy of 100 microns, from which the intermediate 

growth-displacements are computed. These displacements are specified as input to the inverse 

problem, wherein the nodal coordinates of the initial and grown configurations are specified 

and the growth-rate required to effect the growth is estimated. The results of the experiments 

run in-house and the key insights are presented. 

Keywords: Inverse problem, growth, image processing 

1 Introduction 

In mechanics, the inverse growth problem entails the determination of the growth-

rate in a growing body, which when induced in a growing body, will make it grow to 

attain a desired final form [1]. This is illustrated with an example in Fig. (1). We are 

given the initial configuration 
i  and the target displacements, specified throughout 
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the domain or at particular nodes inside the domain, which capture the desired final 

form
f . Using the inverse problem, we wish to estimate the growth-rate, which 

when induced in body
i , will make it grow into

f . Perspective transformation 

and kinematics of motion and elastic deformation are important components of this 

problem. 

 

The aforementioned inverse problem is studied in the context of a growing 

leaves, since leaves are laminar which allows us to model them as 2D structures. In 

this work, we present a method to estimate the growth-rate of a growing leaf using 

an experimental technique in conjunction with a numerical technique. 

The measurement of leaf growth is based on the analysis that leaf surface is 

growing linearly. Temporal resolution of leaf can be done by continuous 

measurement of length. This was used to analyze the monocot leaf growth [2]. One 

more method by capturing sequences of growing leaf images analyses motion as well 

as growth-rate [3]. In the ‘diel leaf growth of soybean’ paper [4], artificial beads 

were attached to the leaf margin. In this, leaf expansion calculation is based on the 

increase in area of the polygon defined by the centers of mass of the beads that are 

attached to the leaf margin. 

Apart from single leaf growth-rate measurement, there are methods which 

provide information about alignment as well tracking of multiple leaves [5]. Leaf 

alignment is the procedure which provides the information about the leaf structure by 

aligning all leaf images with a leaf landmark [6]. Leaf tracking provides the tracking 

or location information of leaves with respect to time [7]. 

Calculation for leaf growth-rate can be done using image processing [8]. In this 

method, all the leaf images are first aligned [9].After that, leaf spots are tracked 

across all images. For both these methods perspective transformation plays a major 

role. 

Inverse growth problem 

Data: Initial form and Growth-rate 

Unknown: Final Form  

 f
  i

  

f
  i

  

Data: Initial and Target forms  

Unknown: Growth-rate  

 

Forward growth problem 

Figure 1: Illustration of the inverse problem in growth. The initial (ungrown) the 

final (grown) configurations are represented by 
i  and 

f  respectively.  
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In this work, we present an experimental setup which in conjunction with the 

inverse growth problem, allows us to estimate the growth-rate in a leaf. In the 

following section, we describe the experimental setup.  

2 Experimental Setup 

The leaf-spotting experiment involves marking and tracking a grid of dots (hereafter 

referred to as spots) as the leaves grow. This was done on the leaves of a tobacco 

variant (Nicotiana benthamiana), which were grown in a controlled environment. 

Tobacco was chosen since their leaves mature fast and grow to a large size. The 

setup shown in Fig. (2). It consists of two fixed vertical guides supported on a base, 

with one horizontal guide, which can be positioned at a desired height from the base. 

A digital camera (Olympus SP-590UZ, CLA-11 lens) is mounted on a three degree-

of-freedom (dof) XYZ positioner, which in turn can slide along the horizontal guide. 

This setup enables one to fix the camera in a desired orientation to capture the 

images of a plant which is under consideration. The image-capture experiment was 

performed on normal leaves that were flat. This allowed us to use a single camera to 

capture and record the growing 2D leaf lamina. 

 

A few flat leaves were identified and spotted.  The upper half of the leaf was 

marked with a rectangular array of dots as shown in Fig. (3a). A rectangular grid was 

chosen since it would allow us to construct a finite element mesh, once the points are 

extracted. On the other half of the leaf, a rectangular label (colored paper) of known 

dimensions was stuck as shown in Fig. (3b). This label is used as the reference for 

aligning and scaling the images, as its dimensions are known and it does not expand 

as the leaf grows. 

Base Plate 

Horizontal Guide 

Vertical Guides 

Camera mounted on 

the three DOF 

positioner 
Tobacco Plant whose 

leaves are captured 

(a) (b) 

Figure 2: (a) The solid model of the device used to capture images. (b) The 

device with the camera mounted, oriented to face the plant that is being imaged. 
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Snapshots of the leaves were taken every day, from six weeks from sowing, 

which ensured that the leaf lamina was large enough to accommodate about 100 

spots (in the case presented here, we had 114 spots). The imaging was done for a 

period of three weeks until the leaves remained flat. These images were then 

processed as explained in the next section. 

 

3 Image Processing 

The images captured manually, need to be aligned and scaled so that the 

displacements of the spots can be extracted by comparing successive snapshots of 

the growing leaf. To achieve this, as noted earlier, we stuck rectangular markers of 

known dimensions ( 5 3mm mm in this experiment) on the young leaf (Fig. (3a)). 

The various steps involved, are shown in the flowchart in Fig. (4). In this section, we 

describe image processing steps namely image alignment and extraction of spots. 

3.1 Image alignment 

Since we know that the label is rectangular and does not expand along with the leaf, 

the images are aligned using a suitable perspective transformation. To do this, the 

four corners of the rectangle viz.., 1L , 2L , 3L  and 4L  (indicated with hollow (red) 

circles in Fig (5)) were manually specified for each image. The new centres of the 

transformed image were then computed using the following formulae: 

 

 (a)   (b) 

 

Rectangular Label 

Figure 3: (a) A plant that was spotted for this experiment; and (b) zoomed-in view 

of a leaf showing the markers on one half of the leaf and a rectangular label that 

was stuck on other half which was used to align the image. 
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Binarize the images using 

automatic thresholding 
Align the image using 

perspective transformation 

Input the four 

corners of the 

rectangular label 

for both images  

No Add the spots 

manually 

Translate and rotate the image such that one predefined node is at 

the origin and another predefined node is along the horizontal 

Specify the resultant displacement as input 

to the inverse growth problem 

  
Estimate the growth rate using the inverse-growth 

problem 

END 

Save the coordinates 

Have all the 

spots been 

captured 

Yes

Extract the resultant displacement by substracting the initial 

coordinates from the final coordinates 

 

Negate the binary images 

Delete components close to the borders 

Extract centroids of components whose area is either 

specified bounds  

Figure 4: Flowchart of the process to estimate the growth-rate in a leaf, starting from 

input of images, through various steps in image-processing, followed by the inverse-

growth problem 

 

START 

Input image1, 

     image2 
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where the subscripts x  and  y  indicate the abscissa and ordinates respectively. 

Using these centres, the new corners of the aligned (corrected) rectangle 
iA  

were obtained using the following formulae: 
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where the subscripts x  and y  indicate the abscissa and ordinates respectively and 

the subscript i  runs from 1 to 4. 

For aligning the images, we constructed a projective transformation T , that 

maps the initial coordinates 
iL  to the aligned coordinates 

iA  as follows: 

' *

1 1

ix ix

iy iy

A L

A T L

   
   

   
   
   

iL , where 1 4i    (3)  

This transformation T  is a matrix of the following type:  

( ) / ( )

( ) / ( )

x ix ix ix ix

y iy iy ix ix

A D G

T B E H

C F I

A AL BL C GL HL I

A DL EL C GL HL I

 
 


 
  

    

    

iL , where 1 4i    (4)  

 

Figure 5: Picture describing how the perspective alignment of the image is done. 

The dotted rectangle indicates the skewed rectangle and the solid is the 

corresponding aligned rectangle. The (red) hollow circles L1, L2, L3 and L4, 

represent the corners of the skewed rectangle that is obtained from the corners of 

the label in the image. The (blue) triangles C1, C2, C3 and C4 are the 

intermediate points which are used to then compute the new corners of the 

aligned rectangle A1, A2, A3 and A4 using the Eq. (2) 
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which can be computed using the Matlab function maketform. 

Following the perspective correction of the images, each image was scaled and 

translated so that the labels are of the same dimensions and occupy the same position 

in each image. Then the difference in positions of the spots, across successive images 

was computed, which was specified as input in the inverse-growth problem. 

4 Estimation of growth-rate  

The growth-rate within the domain was estimated using the inverse growth problem. 

For this, we used the discretized framework for growth presented in [1], [10] and the 

corresponding inverse-growth problem. We pose the growth-rate estimation as a 

constrained minimization problem, whose formulation in presented in this section. 

4.1 Formulation of the inverse growth problem in a discretized  

setting 

The initial shape of the leaf lamina is captured using a finite element mesh, with the 

spots (dots) as nodes. By comparing the location of the dots between two aligned 

images, we obtain the displacements undergone by the dots (or the nodes).  These 

nodal displacements are specified as target displacements in the inverse problem. 

The problem of estimating the growth-rate is posed as follows. 

T

T

c

c

* *

c g

*

c g

c g

( ) ( )
Minimize =

2

subject to

:

:

: 1

where

Data: , ( ) , ( ) , , , ,

Unknowns: , ( ) , ( ) , , , , ,

 

  

 

 

    

g

F F X

X X F

u u

μ Ku f R λ 0

α Ru d 0

γ g 0

u u u u u u

u u u K f R d

g u u f λ μ α γ

     (5) 

where  is the objective function (the error) that is being minimized; u is the 

difference between the observed target displacement 
*

u  and the numerically 

computed displacement u , the quantity whose square-norm is minimized using ; 

the numerically computed displacement u  is the sum of the displacement associated 

with the free-growth 
g

u  and the displacement associated with the compatibility-

restoring elastic equilibration, 
c

u  [1]; 1 g 0  the constraints which ensure that the 

growth is expansive, i.e. the elements, in this case, don’t shrink; μ , α  and γ  are the 

Lagrange multipliers corresponding to the constraints; K  is the global stiffness 
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matrix, which depends on the growth-displacement 
g

u  and the material properties; 

f  the global applied external load vector; 
c
 Ru d 0  is the equation for 

compatibility restoring equilibration [1], wherein R  a constant that depends on the 

mesh-connectivity. 

The Lagrangian for this problem is as follows, 

     
T

T T T T

c c

( ) ( )
L 1

2

 
       

u u
μ Ku f R λ α Ru d γ g   (6) 

The necessary condition for the optimization problem gives: 

T T T Tc c

c

( )
L ( ) 0

        
            

        
g

u uu K λ d
u μ u K R α R γ

g g g g g g
 (7) 

The Karush Kuhn Tucker (KKT) conditions corresponding to the inequality 

constraints in Eq. (5), are given by 

 T 1 0 γ g      (8) 

0γ       (9) 

Collecting the terms that involve the gradients of the state-variables and known 

derivatives from Eq. (7), we get the following vector equation: 

   T T T T T Tc

g

gT T

c

L ( )

( ) 0

  
      

  

 
    

 

u λ d
u μ K α R μ R α

g g g

u K
u μ u γ

g g

  (10) 

We use the adjoint method to solve the preceding equation by setting to zero the 

terms involving the gradients of the state-variables with respect to the design 

variables as follows: 

T T( ) 0

0

   



Kμ u R α

Rμ
    (11) 

which are similar in form to the constraint equations in Eq. (5). 

The iterations in the optimization are performed so as to drive the set of 

equations given by Eq. (10) to zero. We start with an initial guess of unity for the 

growth-rates, i.e.  
T0 1 1g , where the superscript indicates the iteration-
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number. In each iteration, the displacements 
gu  and 

cu  corresponding to the current 

growth-rate k
g  are found. The Lagrange multipliers corresponding to these values 

were computed using the system of equations given by Eq. (11). Following this, the 

growth-rates were updated using the following update rule: 

k+1 k β( L)  
g

g g     (12) 

where k+1
g  and k

g  are the growth-rate vectors in the (k+1)
th

 and k
th

 iterations 

respectively; β  and η  are parameters that dictate the step-size and the scaling 

respectively. 

If the inequality constraints given in Eq. (5) are not violated, we proceeded with 

the next iteration. If these inequality constraints are violated, further iterations are 

performed in an inner loop, with the following update is performed: 

k+1 k+1

m mk+1

m+1 k+1

m

, , if 1

1 , ,if 1

  
 

 

g α 0 g
g

α 0 g
   (13) 

where the subscripts indicate the inner iteration count. These inner iterations are 

performed until all the elemental growth-rates are pushed to 1 or all of them satisfy 

the constraints. These iterations are performed until the relative change in the relative 

change in the growth-rate vectors is less than a pre-defined value (which was taken 

to be 1%) or when the absolute value of the objective function is less than a 1e-10. 

In this work, since the updates in the algorithm require the global stiffness 

matrix and its derivatives, a Finite Element code was implemented in Mathematica
TM

 

(http://www.wolfram.com/mathematica). This code was first benchmarked against 

Abaqus
TM

 (www.simulia.com/abaqus) before using in this work.  

4.2 Results and Discussion 

In this section, we discuss the results obtained from the inverse growth-problem run 

on images taken 5 days apart, as shown in Fig. (6). The images were first aligned, 

following which the locations of spots in both the images were extracted. 

The displacements of the dots were extracted from the images, which was then 

used to estimate the growth-rate in the growing leaf. This growth-rate is visualized 

using a density plot in Fig. (7), with the darker regions indicating regions that are 

growing slower than the lighter regions. It was observed that when a different initial 

guess was used for the growth-rates, we obtain a different solution, suggesting a 

possibility of imposing additional biologically relevant constraints in Eq. (5) to 

narrow down the solution space. 

http://www.wolfram.com/mathematica
http://www.simulia.com/abaqus
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Figure 6: Images of the leaf taken during the first day, fifth day tenth day and 

fifteenth days shown in insets (a)-(d). The images have been processed so that the 

marker (orange colour), is of the same size in both the images and they occupy the 

same position in both the images. The spots (black dots) on the leaf lamina are 

then extracted from which the displacement of the each spot is computed. 

Following this, these displacements are used in the inverse growth problem to 

estimate the growth-rate of the leaf lamina. 

(a) (b) 

(c) (d) 

Figure 7: The growth-rates obtained from the inverse problem, shown overlaid 

on the aligned image of the leaf. In the density plot shown, the lighter regions 

grow faster than the darker regions. The growth-rate was estimated using the 

inverse problem by processing images that were one week apart. 
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